CHAT Pre-Calculus
Section 10.5

Rotation of Conics

We know that equations of conics with axes parallel to one
of the coordinate axes can be written as in the general form
of AX* + Cy*+ Dx + Ey + F=0.

General Equations of Conics

The graph of Ax? + Cy? + Dx+ Ey + F =0 is one of the
following:

1. AcircleifA=C

2. A parabolaif AC=0 (A=0 or C=0,but not both)
3. An ellipse if AC >0 (A and C have like signs)
4. A hyperbola if AC<0 (A and C have unlike signs)

If the conic has axes that are rotated so they are not parallel
to either the X-axis or y-axis, that conic has the general
equation of

AX? +Bxy+Cy?+ Dx+Ey+F =0
**The difference between this equation and the one above

IS that this equation includes an Xy-term. We cannot
complete the square because of this term.
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To eliminate this Xy-term we will use a procedure called

rotation of axes. We will rotate the X- and y-axes until they
are parallel to the axes of the conic. We will call the new

axes the Xx'-axis and Yy'-axis. Then conic in the new
X'y'-plane will have the form

A(X)*+C'(Yy)*+D'X +E"Y +F'=0

Since this equation has no xy-term, we can complete the
square to get a standard form of one of the conics.

Rotation of Axes to Eliminate an xy-Term

The general 2nd-degree equation
AX? + Bxy + Cy* + Dx+ Ey + F =0 can be rewritten as

A (XY +C'(Y) +D'X+EY +F'=0
by rotating the coordinate axes through an angle 6, where

cot29=A_C.
B

The coefficients of the new equation are obtained by
making the substitutions

X=Xx"cos@—-y'sind and y=x'sind+y' cosd
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Example: Write the equation xy—1= 0 in standard form.

Solution:

1. Determine the values of A, B, and C.
e Since there is not A or C in the above equation, so
A=0 and C=0.
e The coefficient of Xy is 1, so B=1.

2. Put A, B, and C into the angle equation and solve for 6.

cot 26 = A-C
B

cot26’=;O
1

cot20=0

The cotangent = 0 when the angle is %

Thus, 26 = *.
2

Solving this gives us 6 = %
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3. Solve for x and y using the value of 6.
X=X cos@—y'sind y=Xx'sin@+y'cosé
X=x'cos’” —y'sin’" = x'sin” +y'cos”
4 y 4 y 4 y 4
X=X|—|-Y]| — y=X|—|+VY| —
2 2 2 2
_X'N2-y'V2 _X'N2+y'2

X= =
2 y 2

4. Substitute these values in for x and y in the original
equation.
Xy—1=0

X'N2 -y 2\ XN2+y'2 10
2 2 -

(x' 2 — y’ﬁ)(x’ 2+ y’ﬁ)=1

2 2

20)°=2(y)° _,
4
()" _ () _q

2 2
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5. Graph the equation.

e Draw the axes rotated O degrees (i.e. %).

e This is a hyperbola centered at the origin with vertices
(~/2,0) and (—/2,0) on the X'y'-plane.

,T\

y

A

»
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6. To find the vertices in the xy-plane, substitute the
coordinates from the X'y'-plane into the equations for X
andy.

(~/2,0) in the Xx'y'-plane
X=Xx"cos@d—y'sing y=X'sin@+ y'cosd

T . T . T T
X =(~/2) cos’, - (O)sz y = (ﬁ)smz+ (0) cos’,

X = (ﬁ)(?) -0 y = (ﬁ)(\f) +0
2 2
x=§=1 y=§=1

e The point (+/2,0) in the X'y'-plane coincides with (1,1)
In the Xy-plane.

. In the same way, (—/2,0) in the
X'y'-plane coincides with (-1,-1) in
the Xy-plane.
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Example: Sketch the graph of X% + N 3Xy + 2y2 —2=0.

Solution:

1. Determine the values of A, B, and C.
e A=1, B=+/3, and C=2.

2. Put A, B, and C into the angle equation and solve for 6.

cot20 = A-C
1-2
cot20 = ——
J3
-1
cot20 = ——=
J3
-1 27T
The cotangent = — when the angle is —.
e =73 JeB 3
Thus, 26 = 2% .
3
. .. T
Solving this gives us 6 = 3
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3. Solve for x and y using the value of 6.
x=x"cosd—y'sind y=Xx'sin@+ y'cosd

T . TT rain 2% ' T
x=xcos_—y'sin_ Y =X3INo+y oS

(1) (3 _[~3 (1
X-X(z)‘y(z] y”(z)”(z)
X=x—yﬁ y=X 3+y

2 2

4. Substitute these values in for x and y in the original
equation.

X% +~/3xy+2y*—2=0

’_ ’ 2 ’_ ’ ’ [ [ ’2
(x ZyﬁJ +£(X ZyﬁJ(x 32+yj+2(x 32+yj o

X'? = 2x'y'/3 + 3y"2 N 3X'2 +/3Xy' - 3.3y’ -3y’ . 6x'° +4x'y'\3+2y"*
4 4 4 -

2




This simplifies to:

10X'% +2y"?
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5. Graph the equation.

.
e Draw the axes rotated 0 degrees (i.e. 5)'
e This is an ellipse centered at the origin with a vertical

. . 2 .
major axis wherea=2 and b = — .0.9. The vertices

J5
are (0, "2) and the covertices are (+0.9, 0) in the X'y'-
plane.
y 1
1 X
/
/

10
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6. To find the vertices in the Xy-plane, substitute the
coordinates from the X'y'-plane into the equations for X
andy.

(0,2) in the X'y'-plane
x=xcos@—-y'sind y=x'sind+y cosd

T /A /A T
X=(0)cos——2sSIn— y= o —
(0) 2 2 y OS|n3+Zcos

x=0—2(ﬁ) y=0+2(1)
2 2

X =—/3 y=1

e The point (0, 2) in the X'y'-plane coincides with (—~/3,1)
In the Xy-plane.

e In the same way, (0, -2) in the X'y'-plane coincides with
(—~/3, -1) in the xy-plane.

11
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Example: Sketch the graph of
3% + 23Xy + Y% + 2x—2-/3y =0

Solution:

1. Determine the values of A, B, and C.
e A=3, B=2+/3, and C=1.
2. Put A, B, and C into the angle equation and solve for 6.

A-C

cot20 =
3-1
cot20 = ——
23

2
cot20 = ——
2.3

1
cot20 = —
J3

1 .
The cotangent = —= when the angle is %

V3

Thus, 26 = r and 06 =Z_
3 6

12
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3. Solve for x and y using the value of 6.

X=X cosf—y'sing y=Xx'sin@d+ Yy cosd
x=x’cos£—y’sin£ y=x’sinz+y'cosz
6 6 6 6
AT -2
2 2 2 2
_XJ3-y _X'+y'V3
2 Y=

4. Substitute these values in for x and y in the original
equation.

3x% 4+ 2+/3xy + y? +2x—2/3y =0

(TP LT Ao

2 2 2

4x'? —4y' =0
4y! — 4XI2

yr — Xr2

13
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5. Graph the equation.

e Draw the axes rotated 6 degrees (i.e. %).

e This is a parabola centered at the origin, opening up,
with the standard shape.

14
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6. To find the vertices in the xy-plane, substitute the
coordinates from the X'y'-plane into the equations for X

andy.
(0, 0) in the X'y'-plane
Xx=x'cos@-y'sind y=x'sin@+ y'cosd
X = (O)cosz—Osinz y=Osin£+Ocosz
6 6 6 6
X=0 y=0

e The point (0, 0) in the X'y'-plane coincides with (0, 0) in
the Xy-plane.
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