CHAT Pre-Calculus
Section 5.5

Multiple-Angle and Product-to-Sum Formulas

Sum and Difference Formulas

sin(u+ V) =sinucosv + cosusinyv
sin(u—V)=sinucosv—cosusinv
cos(Uu + V) =cosucosv—sinusiny
cos(u—Vv)=cosucosv+sinusinv

tanu + tanv
tan(u+v)=

1—-tanutanv

tanu —tanv
tan(u—v) =

1+ tanutanv

Double-Angle Formulas

Find sin 2u.
Use the Sum Formula:

sin 2u =sin(u + u)
= sSinucosu+cosusinu
= 2sinucosu
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Find cos 2u.

CoS 2u = cos(u + u)
= COSUCosuU—sinusinu

=cos’u—sin®u

We can change the form of this using Pythagorean
|dentities:

cos’ u—sin®u=(1-sin’u)—sin’u
=1-2sin’u

cos” U—sin”u=cos”u— (1—cos” u)
=2c0s°u—1

After doing a similar derivation for tan2u, we get the
following formulas:

Double-Angle Formulas

SIn2u = 2sinucosu c0s 2u = cos U —sin2 u

=2cos’u—1

2tanu :
tan2u = - =1-2sin”u
1-tan“u
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Example: Solve sin 2x —cosx =0 for 0 <x < 2.

sin2x—cos x=0
(2sinxcos x)—cos x=0
cosx(2sinx—-1)= 0
cosx=0or 2sinx-1=0

. 1
cosx=0or SII‘\X=§

T 37 1 T 5
cosszat?? andsinx:E atg'f

Solution:

Example: Sketch the graph of y = cos*x — sin“x on [0, 2x].
Factor the difference of squares:
y =C0s" X—sin” x
= (cos’ x —sin® x)(cos® x 4+ sin® X)

=  (cos2x) - (D)
= COS 2X
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Now graph y=cos 2x for 0 < x < 2mx.

amplitude = 1

0<2x<2m
0<Xx<nm

One period of cosine
0 T 2n|  goes from O to .

We need to graph from
0 to 2w, so we will
graph 2 periods.

C - ._E. ZSXSﬂ : :
Example: Givensinx =717 and 5 , find sin 2x

cos 2x and tan 2x.

Use the Pythagorean identity to find cos x.

cos? x=1—% Since our angle is in
169 guadrant Il, we know that
25 the cosine is negative, so
CoS* X = 160 _5
COSX = 75

cosx=ii
13



CHAT Pre-Calculus
Section 5.5

sin 2X = 2sin Xcos X = ZG:ZJ(_ 5) _—120

13 169
2
cos2Xx=1-2sin’ x=1-2 12 =i19
13 169
-120
tan2x=Sm2X= 169 =—1ZO. 169 =120
cos2x —119 169 —-119 119
169
sin 2x

Notice that it was easier to use tan2x= COS 2X
Instead of the tan 2x formula, but you could do it either way.

From the double-angle formulas we get:

sin4u = 2sin 2u cos 2u cos 4u = cos” 2u—sin® 2u
sin6u = 2sin 3u cos3u cos6u = cos® 3u—sin?3u
sin8u = 2sin 4u cos 4u cos8u = cos? 4u —sin? 4u

etc. etc.
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Example: Derive a formula for sin 5x.

sin5x =sin(4x + X)
= SIN 4XC0S X + COS4XSiNn X
=[sin2(2x)]cos x + [cos 2(2x) ]sin x
= [2sin 2xcos 2x]cos x + [L.— 2sin? 2x]sin x
= 25iN 2XC0S 2XCOS X + Sin X — 2sin xsin® 2x
= 208 x[2sin xcos X JL - 2sin® x|~ 2sin x[2sin xcos xJ
= 4¢0s” xsin x[l— 2sin’ x]—8cos2 xsin® x
= 4c0s” xsin x —8cos” xsin® x —8cos” xsin® x
= 4c0s” xsin X —16¢0s” xsin® x
= 4sin x(1—sin’® x) —16sin° x(1—sin® X)
= 4sin x — 4sin° x —16sin°® x +16sin° X
= 4sin x — 20sin® x +16sin° x

Power-Reducing Formulas

Look at cos2u=1-2sin*u and solve for sin®u.
cos2u=1-2sin*u

2sin”u=1-cos 2u

., 1-—cos2u
sin“U=—
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The double-angle formula can be used to obtain the
following power-reducing formulas.

Power-Reducing Formulas

., 1—cos2u , l+4cos2u , 1l—cos2u
sin“u= COS“ U= tan“u=
2 1+ cos2u

Example: Rewrite cos® x as a sum of first powers of the
cosine function.

. Y (1+cost)2
cos x=(cos x) =

2

= —(1+ 20S 2X + Cos° 2x)

g

\
1+ 2cos 2x+[1+COS4X]
\ J
4 1 1 A
1+ 2Cc0s2X+—+ —Ccos4x
\ 2 2 y
1

2

+

Olw ML, AP, DL DM

cost+1+Ecos4x
8 8

N | =

1
=—+—c:052x+§cos4x

=%(3+ 4.c0s 2X + C0S 4X)
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Half-Angle Formulas

u
Look at the power-reduction for sine. Replace u with 5 .
. ,u l-cosu
sin —=———
2 2

Note that the argument for cosine is twice the argument for
sine®. Now, take the square root of both sides:

U \/1—cosu
sin—=+. - >~
2 2

This is a Half-Angle formula, and the sign depends on what

u
quadrant 5 isin.

Half-Angle Formulas

U \/1—cosu .
sin—=%,|—— The sign
2 2 depends on the
u \/14. coS U quadrant in
coS—=%,|—— u
2 which 7 lies.

u Jl-cosu sinu
tan—=— = _
sinu 1+sinu
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Example: Find the exact value of cos 165°.

u \/1+ cosu
COS— =+
2 2
oS 165° — cos 330° _ . \/1+ co; 330

Since 165° is in quadrant 2, the cosine is negative, and

V2+43
2

C0s165° =
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Example Solve 23in2§=cosx on [0,27).

If we use the half-angle formula for sine, we can get the
equation all in terms of cosine.

.o X
2sin? o= COS X

2
2 +\/1_CZOSX = COS X

(1—(:03 x)
2 5 = COS X

1—Cc0S X = CO0S X

1=2c0s X

1
COSX = —
2

oY/

T
X=—=,—
3 3

10
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Example Solve 2—sin2x=20032% on [0,27).

. X
2—-sin° X = 200525

2
2 —sin® x=2(i\/1+0208)(]

1+ COS x)

2—sm2x=2(

2 —sin® x =1+ CoS X
2—(1—cos2 x)=1+ COS X
14 C0s” X =1+ COS X
cos’ X—cosx =0

cos x(cosx—1)=0
cosx=0 or cosx=1

11
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Product-to-Sum Formulas

. : 1
sinusinv = E[cos(u —v) —cos(u + V)]
1
COSUCOSV = E[cos(u — V) +cos(u + V)]
: 1r. :
sinucosv = E[sm(u +V) +sin(u—v)]
. 1r. .
cosusiny = E[sm(u +V) —sin(u—v)]

(These formulas can be verified using the sum and
difference formulas.)

Example: Rewrite sin 2x sin x as a difference.

Use the formula that is the product of sines.

sinusinv="=[cos(u—v)—cos(u+V)]

sin 2xsin x = =[cos(2x — x) — cos(2x + x)]

N~ N

= %[cos x — cos 3x]

1 1
= —COS X — —C0OS 3X
2 2

12
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Sum-to-Product Formulas

(y— )
sinx+siny = Zsm(u)cos Xy
)Sm x=y

: : X
sinX—siny = Zcos(—

COS X+ COS Y = 2C08(i2y cos(ﬂ)

COSX—COS Yy = —Zsin(%)sin(%)

Example: Find the exact value of sin 195°- sin 105°.
sinXx—siny = 2cos Xy sin Xy

2 2
sinl95°—sin105°=2cos(195 ;105 )sin(l95 ;105 )

f195°+105f)gn(195°—105°)
\

f300°) . (90°)
= 2C0S sSIn
\ 2 2

= 2€05150°sin 45°

S

= 2C0S

13
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Example : Solve cos3x+cosx=0 on [0,27).

X+Y
COSX+CoSy =2 COS(T) COS(

COS3X+COSX =2 cos(

So we have

\

p
2 COS ﬁ) cos(ﬁ) =0
\ 2 2

2c0s2xcosx=0
cos2x=0 or cosx=0

i 37 57 Tn 9«
If cos 2x=0, then 2x =55 55 5

. z 37 57 Tn 9r
which means that x = 244 g

z 37 57 Tn 9«
If cos x=0, thenx =555 5 5

x—y)
2

33X+ X 3X—X
COS
2 ) ( 2 )

( —
2 C0S X+ X COoS 3X—X =0
2 2

Since we are restricted to the interval [0, 2w), we have:

14
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Example : Verify SIN7X-SINSX. __ ot6x
COS /X — COS SX

sin 7X-sSin 5x sin 7x-sin 5x

COS/X—COSH5X COS/X—C0SHxX

IX+5xY) . ( 7X—=5x
2C0S sin
2 2
( ITX+5XY) . ( 7TXx=5X
—25In SIn
2 2

2C0S6Xsin X
— 2sIn6Xsin X
COS 6X
~ sin6x
= —COt 6X

15



