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Matrices and Systems of Equations 
 
Matrices 

 
A matrix is a rectangular array of real numbers.  
 























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

...

...

...

...

321

3333231

2232221

1131211

  

 
 

 We will use the double subscript notation for each 
element of the matrix.  For example, the element of 
matrix A in the ith row and the jth column is denoted by 
aij.  

 

 The dimensions of a matrix are given as rows x 
columns. This is read “m by n.” 

 

 A matrix is square if it is n x n; we say it has order n.  
 

 The main diagonal of a square matrix is all the elements 
aij for which i = j.  
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Example:  Determine the dimensions of each matrix. 
 
 

a)   3      b)  









3

2
73

 

 
answer:  1 x 1   answer:  1 x 3 

 
 

c)  








01

01

    d)  





















848

935

059

351

 

 
answer:  2 x 2   answer:  4 x 3 

 
 
 
A matrix that has only one row is called a row matrix. 
 
A matrix that has only one column is called a column matrix. 
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Look at the system     













131525

9443

32

zyx

zyx

zyx  

 

 
If we write the system of equations without the variables, 
addition signs, and equal signs, and put it into a matrix, we 
get what is called an augmented matrix.  
 

 

















131525

9443

3211

 or  
















131525

9443

3211

  or 
















131525

9443

3211

 

 
(Different textbooks will write them in various ways.) 

 
 
The coefficient matrix would be 
 

















1525

443

211

 

 
 
Note:  Any time a term is missing from a system of 

equations, a zero is put in its place in the matrix. 
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Elementary Row Operations   
 
We need to translate the elementary row operations from 
our last unit into the language of matrices. Note that these 
operations will transform the augmented matrix of a system 
of equations into the augmented matrix of an equivalent 
system of equations.  
 
If one matrix has been obtained from another matrix by 
using elementary row operations, then the two matrices are 
said to row-equivalent. Here are the operations.  
 
Elementary Row Operations   
 

1. Interchange two rows.  
2. Replace any row by a nonzero multiple of itself.  
3. Replace any row by the sum of itself and a multiple of 

any other row in the matrix.  
 
We use the matrix version of the Gaussian Elimination 
method to solve systems of linear equations. 
 
Example:  Solve the system using the matrix version of 

Gaussian Elimination. 
 















131525

9443

32

zyx

zyx

zyx  

 



CHAT Pre-Calculus 
Section 8.1 

 

5 
 

Solution:  Start with the augmented matrix. 
 

















131525

9443

3211

 

 
Multiply the 1

st
 row by -3 and add to the 2

nd
 row, replacing 

the 2
nd

 row with your sum equation. 
 



































131525

0210

3211

131525

9443

3211)3(

 

 
 
 
Multiply the 1

st
 row by -5 and add to the 3

rd
 row, replacing 

the 3
rd

 row with your sum equation. 
 









































2530

0210

3211

131525

0210

3211)5(

 

   
 
 
 

9633   

  151055   
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Multiply the 2
nd

 row by 3 and add to the 3
rd

 row, replacing 
the 3

rd
 row with your sum equation. 

 
 









































2100

0210

3211

2530

0210

3211

)3(
 

 
 
 
 
Replace the bottom row with -1 times itself. 
 
 
 







































 2100

0210

3211

2100

0210

3211

)1(
 

 
 
This final matrix is said to be in row-echelon form. 
 
 
 
 
 

0630   
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Row-Echelon Form and Reduced Row-Echelon Form 
 

A matrix is in row-echelon form if it has the following 
properties.  
 

1. All rows consisting entirely of zeros occur at the bottom 
of the matrix.  

 

2. The first nonzero element of any row is 1, called a 
leading 1.  

 

3. For two successive nonzero rows, the leading 1 in the 
upper row is farther to the left than the leading 1 in the 
lower row.  

 
A matrix is in reduced row-echelon form if the column with a 
leading 1 has zeros everywhere else in that column. 
 
Example:  Continue working with the above augmented 

matrix until it is in reduced row-echelon form. 
 
Multiply the 3

rd
 equation by 2 and add to the 2

nd
 equation, 

replacing the 2
nd

 equation with the sum. 
 





































2100

4010

3211

2100

0210

3211

)2(
 

                          4200  
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Multiply the 3
rd

 equation by -2 and add to the 1
st
 equation, 

replacing the 1
st
 equation with the sum. 

 
 
 















 



















 2100

4010

1011

2100

4010

3211

)2(
 

                            4200   

 
 
 
Multiply the 2

nd
 equation by -1 and add to the 1

st
 equation, 

replacing the 1
st
 equation with the sum. 

 















 

















 



2100

4010

5001

2100

4010

1011

)1(
 

                          4010   

 
 
The final matrix is in reduced row-echelon form. 
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Look at the row-echelon form and the reduced row-echelon 
form.  Use back substitution to solve the systems that each 
represents. 
 
First the row-echelon form: 
 



































2

02

32

2100

0210

3211

z

zy

zyx

            

     
 

 

2z
             

4

0)2(2

02







y

y

zy

        
5

3)2(24

32







x

x

zyx

 

 
The solution is (-5, 4, 2). 
 
Now the reduced row-echelon form. 
 































 

2

4

5

2100

4010

5001

z

y

x

 

 
The solution is (-5, 4, 2). 
 

**Both matrices gave us the same solution. 
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Solving a system of equations by Gaussian elimination is 
taking the augmented matrix of the system of equations and 
transforming it into row-echelon form, and then using back-
substitution to find the values of the variables.  
 
Solving a system of equations by Gauss-Jordan elimination 
is taking the augmented matrix of the system of equations 
and transforming it into reduced row-echelon form. The last 
column gives the values of the variables.  
 
Tip:  Work column by column. Get the first column the 

way you want it, then move to the second column, 
and so on.  

 

 

 

 

Example: Which of the following matrices are in reduced 
row-echelon form? If it is not in reduced row-echelon form, 
state whether it is in row-echelon form.  
 

a)   








410

101

                       b) 
















8100

2010

4001

 

 
 
reduced row-echelon form         reduced row-echelon form  
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c)  








210

451

                       d) 
















0000

9310

5201

 

 
 
just row-echelon form      reduced row-echelon form  
 
 
 
 
Example:  Solve the system by Gaussian elimination. 
 


































0122

151173

4321

022

151173

432

zyx

zyx

zyx

   
 

 





































2100

3210

4321

8520

3210

4321

 

 
The solution is (0, -1, 2). 
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Example:  Solve by Gauss-Jordan elimination. 
 









573

642

yx

yx

 

 









































410

1101

410

321

573

321

573

642
 

 
The solution is (11, -4). 
 
Example:  Solve the system by Gauss-Jordon elimination. 
 















6773

13

132

zyx

zyx

zyx

    

 

























































1000

2210

1321

3210

2210

1321

6773

1131

1321

 

 
This system has no solution. 
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Example:  Solve the system by Gauss-Jordon elimination. 
 









1652

232

zyx

zyx

 

 








































3010

8301

3010

2321

1652

2321

 

 
Note:  With only 2 equations, it is impossible to get rid of 
both y and z in the top equation. 
 
Let z = a.  Then y = -3 and x – 3z = 8, which means                    
x = 3a + 8 when we substitute a for z. 
 
The solution to the system is (3a+8, -3, a). 

 
 
 

Example:  Solve the system. 
 















1332

642

132

zyx

zyx

zyx

 

 
The solution is (-2, 4, 3). 
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Matrix Operations on the Graphing Calculator 
 
Entering a Matrix 
 

1. Press [2
nd

] [MATRX] [EDIT] 
2. Choose [A] to enter your matrix as matrix A. 
3. On the top of the edit screen you must enter the 

dimensions (i.e. order) for your matrix.  Move the cursor 
to each spot and enter the number of rows and then 
columns. 

4. Move the cursor down to the row 1, column 1 entry 
spot.  You will see the row, column reference at the 
bottom of the screen.  Type in your entry.  Press 
[ENTER].  Your cursor goes to the next element’s spot. 

5. Continue entering all of the elements of the matrix.  
When finished, press [2

nd
] [Quit]. 

6. To see the matrix on your main screen, press 
[2

nd
][MATRX] [A] [ENTER]. 

 
 
Example:  Enter the augmented matrix into your graphing 

calculator as matrix A for the following system.  
 









573

642

yx

yx
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Changing a Matrix to Row-Echelon Form 
 
 

1. Press [2
nd

] [MATRX] [MATH] [ref(  ].  (“ref” stands for 
“row-echelon form.”) 

2. On your main screen you will see “ref(  “.  You need to 
tell the calculator the name of the matrix that you want it 
to put in row-echelon form.  To do this, press [2

nd
] 

[MATRX] [A] to enter matrix A.  Press [ENTER]. 
 
 
Note:  Row-echelon form matrices are not unique.  It 

depends on the sequence of row operations chosen. 
 
 
 
Example:  Using the above system and matrix entered into 

your calculator as matrix A, find the row-echelon 
form on your graphing calculator. 

 
 










 410

...666.1...333.21
 

 
 
Notice how it writes the fractions as decimals. To solve this 
system, we would have to back-substitute. 
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Changing a Matrix to Reduced Row-Echelon Form 
 
 

1. Press [2
nd

] [MATRX] [MATH] [rref(  ].  (“rref” stands for 
“reduced row-echelon form.”) 

2. On your main screen you will see “rref(  “.  You need to 
tell the calculator the name of the matrix that you want it 
to put in row-echelon form.  To do this, press [2

nd
] 

[MATRX] [A] to enter matrix A.  Press [ENTER]. 
 
Note:  Reduced Row-echelon form matrices are unique.  

They will be the same regardless of the choices 
made in row operations. 

 
 
Example:  Using the above system and matrix entered into 

your calculator as matrix A, find the reduced 
row-echelon form on your graphing calculator. 

 
 










 410

1101
 

 
 
This tells us that the solution to the system is (11, -4). 
 
 


