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A.4

T T O T T

» What you should learn

+ How to find domains of
algebraic expressions

+ How to simplify rational
expressions

- How to add, subtract, multiply,
and divide rational expressions

* How to simplify complex
fractions

» Why you should learn it

Rational expressions can be used
to solve real-life problems. For
instance, in Exercise 78 on page
A45, a rational expression is used
to model the cost per ounce of
precious metals from 1994

. through 1999.

Rational Expressions

Domain of an Algebraic Expression

The set of real numbers for which an algebraic expression is defined is the §
domain of the expression. Two algebraic expressions are equivalent if they have 1
the same domain and yield the same values for all numbers in their domain. Fos
instance, (x + 1) + (x + 2) and 2x + 3 are equivalent because :

x+D)+Gx+2)=x+1+x+2

x+x+1+2
2x + 3.

Finding the Domain of an Algebraic Expression

7 O

a. The domain of the polynomial
2x3+3x+ 4
is the set of all real numbers. In fact, the domain of any polynomial is the set
of all real numbers, unless the domain is specifically restricted.
b. The domain of the radical expression
Vx—=2
is the set of real numbers greater than or equal to 2, because the square root of
a negative number is not a real number.
¢. The domain of the expression

x+2

x—3
is the set of all real numbers except x = 3, which would produce an undefined
division by zero.

The quotient of two algebraic expressions is a fractional expression.
Moreover, the quotient of two polynomials such as
1 2x — 1 x2—1

_, T or
x x+1 x2+1

is a rational expression. Recall that a fraction is in simplest form if its numera-
tor and denominator have no factors in common aside from +1. To write a
fraction in simplest form, divide out common factors.
a*¢ a
=—, ¢c#0
b-¢ b
The key to success in simplifying rational expressions lies in your ability to
factor polynomials.
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STUDY TIP

In Example 2, do not make the
mistake of trying to simplify
further by dividing out terms.

x+6=x+6
3 3

=x+2

Remember that to simplify
fractions, divide out common _
Jfactors, not terms.
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Simplifying Rational Expressions

When simplifying rational expressions, be sure to factor each polynomial
completely before concluding that the numerator and denominator have no

~ factors in common.

»  Simplifying a Rational Expression &#e>

24+ 4x—12
Write % in simplest form.
Solution
X+a4x—~12  (x+ 6)x—2) Fact erel
= C etely.
3% — 6 3G—7) actor completely
+ 6
=2 3 x % 2 Divide out common factors.

Note that the original expression is undefined when x = 2 (because division by
zero is undefined). To make sure that the simplified expression is equivalent to
the original expression, you must restrict the domain of the simplified expression
by excluding the value x = 2.

Sometimes it may be necessary to change the sign of a factor to simplify a
rational expression, as shown in Example 3(b).

P  Simplifying Rational Expressions &%e>

Write each expression in simplest form.

a X T A p L2 Hx—a?
Tx24x—2 T2 —-9x+ 4
Solution
a ¥-4x  x(x2—4)
T4 x-2 x+DE-1)
= w Factor completely.
2k - 1) ‘
= x(—(i——lz)—), x# —2 Divide out common factors.
x —

12+x=x (4-x03+x
222 —9x+4  (2x— 1D(x —4)
—x—4J(3 + x)

=2 T @—x)=~(c—4)

(2x — Dee—4)

_3+x
2x— 1’

b.

Factor completely.

x#+4 Divide out common factors.
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Operations with Rational Expressions

To multiply or divide rational expressions, use the properties of fractions discussed
in Section A.1. Recall that to divide fractions, you invert the divisor and multiply.

- > Multiplying Rational Expressions &Ro>

2x2+x—6'x3—3x2+2x=L2x/‘/37(x+2)‘x(x—2)(x/—/r)
2+4x -5 4x* — 6x (x + 5)—1) 24(2x—3)

_ x+2)x—2)
2x+35)

x#0,x#1,x#3

In this text, when performing operations with rational expressions, the
convention of listing by the simplified expression all values of x that must be
specifically excluded from the domain in order to make the domains of the
simplified and original expressions agree is followed. In Example 4, for instance.
the restrictions x # 0, x # 1, and x # % are listed with the simplified expression
in order to make the two domains agree. Note that the value x = —5 is excluded
from both domains, so it is not necessary to list this value.

Dividing Rational Expressions &Ro>

-8 x2+2x+4 x3-38 x3+38

Invert and multiply.

-4 x°+8 -4 xX2+2+4
=(x/—/2’j(,x£—-l=’2x’—f-’4’)_(x/+ﬂ7(x2—2x+4)
Let2J(e—2) 22+ 7

Divide out
common factors.

=x?—2x+ 4, X # +2

~ To add or subtract rational expressions, you can use the LCD (least common
denominator) method or the basic definition

a, c ad * bc
b d bd

b#0,d+#0. Basic definition

This definition provides an efficient way of adding or subtracting two fractions
that have no common factors in their denominators.

Subtracting Rational Expressions &®op

x 2 x(3x+4)-2x—3)

x—3 3x+4  (x—3)(Gx+4)
3x2+4x—2x + 6 Distributive P

= iy t Tt

(x _ 3)(3x + 4) 1stribuiive rope y

X+ 2x+6
(x—3)(3x+4)

Basic definition

Combine like terms.
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For three or more fractions, or for fractions with a repeated factor in the
denominators, the LCD method works well. Recall that the least common denom-
inator of several fractions consists of the product of all prime factors in the
denominators, with each factor given the highest power of its occurrence in any
denominator. Here is a numerical example.

1 3 2 1.2 33 2-:4

—+>-Z= + - is 12.
6 4 3 62 43 3.4 The LCD is 12
2 9 8
.____‘__—__
12 12 12
_3
12
_1
4

Sometimes the numerator of the answer has a factor in common with the
denominator. In such cases the answer should be simplified. For instance, in the
example above, % was simplified to i.

1 Combining Rational Expressions: The LCD Method
o

Gorid

Perform the operations and simplify.

3 2 x+3
+
x—1 x x%2-1

Solution
Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can see that
the LCD is x(x + 1)(x — 1).
32, xv3
x—1 x O+ 1)(xf 1)
_ 3(x)(x + 1) B 2x+ Dx — 1) (x + 3)(x)
x+Dx—-1) xx+DE-1 xx+Dx-1)
3+ 1) -2+ Dx = 1) + (& + 3))
- xx + Dix— 1)
3 43—+ 2+ a2+ 3
- xx+ Dx—1)

32 — 22+ x>+ 3x+3x+2 i
= Group like terms.

xx+ Dix—1)
22+ 6x+2
Txe+ D -1
_2x2+3x+ 1)

T axx 4+ D - 1)

Distributive Property

Combine like terms.

Factor.
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A40
Complex Fractions

Fractional expressions with separate fractions in the numerator, denominator. o
both are called complex fractions. Here are two examples.

b . b
T

A complex fraction can be simplified by combining the fractions in its numeratces
into a single fraction and then combining the fractions in its denominator into 2

single fraction. Then invert the denominator and multiply.

Simplifying a Complex Fraction &Rep

2 —3(x)
I "
(1 B 1 > = [1 (x — 1) — l:l Combine fractions.
x—1 x—1
2 — 3x
=) y
= 2 Simplify.
(x - 1)
2—3x x—1
= . Invert and multiply.
x x—2

’

_@ —xix)_(xz)— 1) £ 1

Another way to simplify a complex fraction is to multiply its numerator and
denominator by the LCD of all fractions in its numerator and denominator. This

method is applied to the fraction in Example § as follows.

G-3) (-3 wo
= . LCD is x(x — 1).
<1_xi1> (“x—%) ey
_(2;3x>-;6(x—1)
() e

2—-3x)x—-1) £

x(x —2)
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The next three examples illustrate some methods for simplifying rational
expressions involving negative exponents and radicals. These types of expres-
sions occur frequently in calculus.

To simplify an expression with negative exponents, one method is to begin
by factoring out the common factor with the smaller exponent. Remember that
when factoring, you subtract exponents. For instance, in 3x~%/2 + 2x73/2 the
smaller exponent is —% and the common factor is x~5/2.

3572 4 2332 = x~57[3(1) + 252 (-5/2)]
x732(3 + 2xY)

34+ 2
- x5/2

nominator, ar

It

its numeratce
ninator into =

Simplifying an Expression

Simplify the following expression containing negative exponents.
x(1 = 2x)73/2 + (1 — 2x)~1/2
Solution ' ‘

;ms.

Begin by factoring out the common factor with the smaller exponent.
1 =2%)732+ (1 — 2072 = (1 — 2073 x + (1 = 2x)C VD~ (3/2]
=(1—-2x)73x + (1 — 2x)]
1—x

ply. T -2

A second method for simplifying an expression with negative exponents is
shown in the next example.

imerator and Simplifying a Complex Fraction

ninator. This

(4 _ x2)1/2 + x2(4 _ x2)—1/2

4 — x*
I D e o B i e
4 — x? (4 — xH)t-
(4= x) + x4 — x2)°
N (4 — x2)3/2
4 —x?+ %7
T (4 — x?)32

_ 4
- (4 _ xz)a/z
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Rewriting a Difference Quotient

The expression from calculus

SR

h
is an example of a difference quotient. Rewrite this expression by rationalizing iis
numerator. - 4
Solution
N NN ey SN A ey SO
h h Jx+h+ Sx

_ (v R) - ()
WVx+ 7+ Jx)
h
"W Jxth+ )

h#0

1
S Sx+ R+ X

Notice that the original expression is undefined when 2 = 0. So, you must 4
exclude 2 = 0 from the domain of the simplified expression so that the expres-

sions are equivalent.

Difference quotients, such as that in Example 11, occur frequently in calculus. 7
Often, they need to be rewritten in an equivalent form that can be evaluated whea
h = 0. Note that the equivalent form is not simpler than the original form, but& 3

has the advantage that it is defined when 2 = 0.
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A.4 Exercises
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In Exercises 1-8, find the domain of the expression.

1. 3x2 —4x + 7 2, 2x2+5x—2
3.4x34+3, x=20 4. 6x2 -9, x>0
s, 1 .x+1

x—2 2x + 1
7. Vx+ 1 8. V6 —x

In Exercises 9 and 10, find the missing factor in the numer-

| ator such that the two fractions are equivalent.

5 s ) 33 )
0 1&4—4@+D

In Exercises 11-28, write the rational expression in simplest
form.

15x2 18y?
11. 12. —
10x 60y>
2
13. =2 14, 2
xy +x xy =y
4y — 8y? 9x2 + 9x
5 ——— 16. ———
T 2% + 2
17, X2 18, 12— 4
10 — 2x x—3
y: - 16 x2 - 25
19, ¥/— 20.
y+4 0 5—x
x3 + 5x2% + 6x x*+ 8x — 20
21, —————— 2. —m
x2 -4 x2 4+ 11x + 10
27y +1 2 7x 46
g3, Y= Ty + 12 9q, F T Tx+ 6
y2 + 3y — 18 x2+ 11x+ 10
2 —x+ 2x%2—x3 x2—-9
25. 26.
x2—4 x3+x2—-9x—9
3¢ 3_9v2_3
py A S - 28 L2 "%
22+ 2z+4 y3i+1

In Exercises 29 and 30, complete the table. What can you
conclude?

29.

x 0111213141516
x2—2x—3
x—3

x+1

30.

x—3
X —-—x—-6
1
x+2

31. Error Analysis Describe the error.

4 20 + 4

32. Error Analysis Describe the error.

T -5 +3)

Geometry In Exercises 33 and 34, find the ratio of the
area of the shaded portion of the figure to the total area of
the figure.

T
./

34, 3 I
2

=
+ =
[

- B
——————

2x+3

" In Exercises 35-42, perform the multiplication or

division and simplify.

35, 5 x—1 36, 3 xlx 3)
x—1 25(x —2) x3(3 — x) 5
2~ - 2y +
37, r_.r 1 38, 4y — 16 %y 6
r—1 r? 59 +15 4—y

t2—t—6 t+3
"2 +6:4+9 2—4
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x2 4+ xy — 2y? x
x3 + x?%y .x2+3xy+2y2
x2—36  x3— 6x?
x x4 x
X2 — l4x + 49 3x — 21
x2—49  x+7

40.

41.

42.

In Exercises 43-52, perform the addition or subtraction and
simplify.

43'xil+xf1 44'2;6-:31+)1c-|_-;
5 3
45.6—x_l_3 46.x—_—1—5
47'x32+2ix 48‘x2—xs_six
1 . )
49'x2—x—2—x2.—)5cx+6
2 10
So'xz—x—2+x2+2x—8
1 2 1
ot eI T o
2 2 1
52’x+1+x+1+x2—1

jﬁ In Exercises 53-58, factor the expression by removing the
common factor with the smaller exponent.

53, x> — 2x7? 54, ¥ — 5x73
55, x2(x2+ 1)75 — (x2+ 1)

56. 2x(x — 5)73 — 4x%(x — 5)7¢

57. 2x%(x — 1)V2 = 5(x — 1)71/2

58. 4x3(2x — 1)3/2 — 2x(2x — 1)~ 1/2

Error Analysis In Exercises 59 and 60, describe the error.

59 4 3x—8 x+4-3x-%
T x+ x+ 2

6 —x x+2 8
x2(x +

60.x(x\‘< S

(6 — x) + (#+2)2+ 8
B x + 2)

6x><x2+4+8

x2(x R2)
_6x+2) 6
T x2x+2) x?

In Exercises 61-70, simplify the complex fraction.

G-

(x—4)
A 62. ({ - i)
4 x
[ x2 x> -1
i =)
63- [—x—] ) 64- W
(x+ 131 X
[ 1 1] ( x+h x4
P - i
x+ h?2  x? x+h+1 x+1¢7
65, ——m ¥ 66.
h : h :
1 t? st
‘/;_2\/;? JE+1 t+1,vj
67. —F———— 68. -
Vx 12
3x1/3 _ x—2/3
6. =
—3(1 — y2)-1/2 _ _ 42)1/2
70, =% (1 —x?) 2x(1 — x2)

x4

ﬁ In Exercises 71 and 72, rationalize the numerator of the

expression.
g Y2V g, Y2=3 =2
' 2 ) 3

Probability In Exercises 73 and 74, consider an experi- §
ment in which a marble is tossed into a box whose baseis 4
shown in the figure. The probability that the marble will }
come to rest in the shaded portion of the box is equal tothe |
ratio of the shaded area to the total area of the figure.Find
the probability. ‘

73. o f 74.4&)614
B b
2x+1 - 312 Ao

4
x+2 412
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L 75. Rate A photocopier copies at a rate of 16 pages per

minute.

(a) Find the time required to copy one page.
(b) Find the time required to copy x pages.
(¢) Find the time required to copy 60 pages.

76. Finance The formula that approximates the annual

interest rate r of a monthly installment loan is given
by

[24(NA]{, - P)]

(%)
12

r =

where N is the total number of payments, M is the
monthly payment, and P is the amount financed.

(a) Approximate the annual interest rate for a
four-year car loan of $16,000 that has monthly
payments of $400.

(b) Simplify the expression for the annual interest
rate r, and then rework part (a).

77. Refrigeration When food (at room temperature) is
placed in a refrigerator, the time required for the
food to cool depends on the amount of food, the air
circulation in the refrigerator, the original tempera-
ture of the food, and the temperature of the
refrigerator. The model that gives the temperature of
food that has an original temperature of 75°F and is
placed in a 40°F refrigerator is

T—1 <4t2 + 16t + 75)
2 + 4t + 10
where T is the temperature (in degrees Fahrenheit)
and ¢ is the time (in hours).
(a) Complete the table.

t 101214161810
T

r |12 14|16 |18 |20 | 22
T

(b) What value of T does the mathematical model
appear to be approaching?
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78. Precious Metals The costs per fine ounce of
gold and per troy ounce of platinum for the years
1994 through 1999 are shown in the table.
(Source: U.S. Bureau of Mines, U.S. Geological
Survey)

1994 $385 $411
1995 $386 $425
1996 $389 $398
1997 $332 $397
1998 $295 $373
1999 $285 $365

Mathematical models for this data are
6.792 — 95.6¢ + 356

Cost of gold =
O O 80K T 0.020572 — 0.2787 + 1
and
—148.2r + 192
lati =
'Cost of platinum ~04 T 1

where ¢ = 4 corresponds to the year 1994.

(a) Create a table using the models to estimate the
costs of the two metals for the given years.

(b) Compare the estimates given by the models
with the actual costs.

(c) Determine a model for the ratio of the cost of
gold to the cost of platinum.

(d) Use the model from part (c) to find the ratio
over the given years. Over this period of time,
did the cost of gold increase or decrease rela-
tive to the cost of platinum?

Synthesis

True or False? In Exercises 79 and 80, determine
whether the statement is true or false. Justify your answer.

2n — 12n
79— et
xn — 1n
2 _
80. % = x — 2 for all values of x.

81. Think About It How do you determine whether a
rational expression is in simplest form?



